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on one hand, and a certain “Fourier Continuation” (FC) method for the resolution of the
Gibbs phenomenon, on the other. Unlike previous alternating direction methods of order
higher than one, which only deliver unconditional stability for rectangular domains, the
new high-order FC-AD (Fourier-Continuation Alternating-Direction) algorithm yields
unconditional stability for general domains—at an O(Nlog(N)) cost per time-step for an N
point spatial discretization grid. In the present contribution we provide an overall theoret-

Keywords:
Spectral method
Complex geometry

Unconditional stability ical discussion of the FC-AD approach and we extend the FC-AD methodology to linear
Fourier series hyperbolic PDEs. In particular, we study the convergence properties of the newly intro-
Fourier Continuation duced FC(Gram) Fourier Continuation method for both approximation of general functions
ADI and solution of the alternating-direction ODEs. We also present (for parabolic PDEs on gen-
Partial differential equation eral domains, and, thus, for our associated elliptic solvers) a stability criterion which, when
Numerical method satisfied, ensures unconditional stability of the FC-AD algorithm. Use of this criterion in

conjunction with numerical evaluation of a series of singular values (of the alternating-
direction discrete one-dimensional operators) suggests clearly that the fifth-order accurate
class of parabolic and elliptic FC-AD solvers we propose is indeed unconditionally stable for
all smooth spatial domains and for arbitrarily fine discretizations. To illustrate the FC-AD
methodology in the hyperbolic PDE context, finally, we present an example concerning
the Wave Equation—demonstrating sixth-order spatial and fourth-order temporal accu-
racy, as well as a complete absence of the debilitating “dispersion error”, also known as
“pollution error”, that arises as finite-difference and finite-element solvers are applied to
solution of wave propagation problems.

© 2010 Elsevier Inc. All rights reserved.

1. Introduction

The FC-AD (Fourier-Continuation Alternating-Direction) methodology introduced in [1] (Part I of this two-paper se-
quence) relies on two main elements: a novel spectral technique for general spatial domains (which is based on the one-
dimensional Fourier Continuation method introduced in Part I) and the classical ADI approach pioneered by Douglas, Peac-
eman and Rachford [2-6]. Unlike previous alternating direction methods of order higher than one, which only deliver uncon-
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ditional stability for rectangular domains, the new high-order FC-AD algorithm yields unconditional stability for general do-
mains—at an O(N log(N)) cost per time-step for an N point spatial discretization grid. In the present contribution we provide
an overall theoretical discussion of the FC-AD approach concerning unconditional stability and accuracy in the (linear) par-
abolic and elliptic contexts, and we extend the FC-AD methodology to problems concerning wave propagation and scatter-
ing. In conjunction with numerical evaluation of a series of singular values (of the alternating-direction discrete one-
dimensional operators), our theory suggests clearly that the fifth-order accurate class of parabolic and elliptic FC-AD solvers
we propose is indeed unconditionally stable for all smooth spatial domains and for arbitrarily fine discretizations. To illus-
trate the FC-AD methodology in the hyperbolic PDE context, finally, we present an example concerning the Wave Equation—
demonstrating sixth-order spatial and fourth-order temporal accuracy, as well as complete absence of the debilitating “dis-
persion error”, also known as “pollution error”, that arises as finite-difference and finite-element solvers are applied to solu-
tion of wave propagation problems.

(A number of attempts have been made to combine the unconditional stability of the alternating direction type schemes
with the spectral character of Fourier bases [7-10]. We expect that, like our FC-AD method, these Fourier-based approaches
do not suffer from pollution errors. These previous efforts did not provide stable Fourier-based alternating-direction solvers
for non-rectangular geometries; a more detailed discussion in these regards as well as comments concerning related spectral
and spectral-element methodologies are given in the introduction to Part I.)

The appeal of the implicit alternating direction algorithms lies in the efficiency that results from their achievement of
unconditional stability at a reduced cost per time-step. An important limitation has hindered the usefulness of the ADI, how-
ever: previous alternating direction methods could not be directly applied to PDEs on arbitrary (non-rectangular) domains
without reducing the truncation error near the boundary to first order [11]. We note that while the ADI has been applied to
problems on non-rectangular geometries [12-14], these applications were based on mappings of the PDE domains to rect-
angular regions—a procedure that is generally prohibitively laborious. To our knowledge, the FC-AD approach provides the
first high-order accurate unconditionally stable alternating-direction scheme for general domains that does not rely on do-
main mappings.

A general discussion of current research on finite-difference and finite-element methods in the parabolic case for both
simple and complex geometries was provided in Part I; here it is useful to summarize some of the main conclusions we have
drawn as we placed the parabolic FC-AD algorithms in the context of the underlying literature. For diffusion equations the
most notable advantage provided by the FC-AD approach lies in its unconditional stability for general domains: in Part [ we
demonstrated, for example, an improvement of a factor of 1000 in computing times, for engineering accuracies, over the
computing time required by state of the art methodologies. Another interesting comparison concerns the contribution
[15], which proposes a SAT method of order four of spatial and temporal accuracy for the diffusion equation: to our knowl-
edge, this work introduces the SAT parabolic solver of highest demonstrated order of spatial accuracy. (Unlike the CFL con-
dition for regular finite-difference methods, the SAT CFL restrictions are not affected as severely by small distances between
the boundary and the nearest discretization points in the computational domain.) In view of their explicit character, how-
ever, existing SAT methods for parabolic equations do require time-steps proportional to the square of the spatial mesh-size,
thus giving rise to high computing costs. In a direct comparison with the numerical example put forth in [15], for instance,
our parabolic FC-AD solver produced the solution with accuracies matching the values 3 x 10™%, 5x 10~ and 1 x 107>
shown in Fig. 13 of that reference, in computational times that we estimate to be of the order of 80-100 times faster than
those required by the method introduced in that reference. Such improvement factors result mainly for the fact that our
unconditionally stable solver can produce the prescribed accuracies with a number of approximately 100 times fewer
time-steps than the, e.g. 50,000 time-steps used by the SAT method in conjunction with its coarsest spatial discretization.
These improvement-factor estimates take into account the slightly super-linear FFT cost and the cost arising from the
fourth-order Richardson extrapolation inherent in our solver, as well as the cost arising from the fourth-order Runge-Kutta
and nine-point finite differences stencil used in the method [15].

As mentioned above, besides an analysis of the parabolic and elliptic FC-AD solvers introduced previously, in this paper
we put forward new FC-AD algorithms for the Wave Equation in two and three spatial dimensions. As is well known, spectral
approaches provide major advantages over other methodologies for the solution of wave propagation problems. Indeed, ow-
ing to the accumulation of phase errors over multiple wave-cycles in long wave-trains, finite-difference and finite-element
methods typically give rise to significant “dispersion errors”, also known as “pollution errors”, and thus require use of very
large numbers of points per wavelength (PPW) in large-scale problems [16]. This difficulty was discussed in detail in [17,18]
in the contexts of finite-difference and finite-element methods (FEM), respectively. It has long been recognized, further, that
spectral methods generally do not suffer from this difficulty. As might be expected in view of the spectral nature of the FC-AD
algorithms, the same is true of our Wave Equation FC-AD approach. Thus, the new FC-AD Wave Equation solver combines the
low PPW-requirements typical of spectral solvers together with the geometric flexibility, high-order accuracy and uncondi-
tional stability otherwise inherent in the parabolic and elliptic FC-AD solvers.

To demonstrate the significant advantages offered by the (essentially dispersionless) FC method in the hyperbolic context
we compare its performance with that resulting from finite-difference solvers of second- and fourth-orders of accuracy. In
order to avoid difficulties associated with enforcement of boundary conditions in the finite-difference context, the finite-dif-
ference tests we perform involve periodic geometries only; our FC simulations, in turn, involve non-periodic, complex-geom-
etry cases. The relevance of such comparisons becomes apparent when one considers that second- and fourth-order is indeed
the state of the art accuracy-order for finite-difference solvers in complex domains: general-domain solvers recently made
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available for solution of the Wave Equation include the second-order SAT method [19] and the compact scheme with
enforcement of boundary conditions along normals [20]. These contributions demonstrate second- and fourth-order accura-
cies, respectively, by considering test PDE problems in annular domains and solutions with sinusoidal time dependence: a
geometry of 1.5 wavelengths in diameter in [19] and (in addition to convergence studies for travelling waves) a one-wave-
length propagation problem (one-cycle of a 10-wavelength scattering problem) in [20]. The accuracies demonstrated (for
complex geometries) in these contributions is in full agreement with the accuracy produced by the second- and fourth-order
periodic finite-difference tests we have performed—indicating a high-quality enforcement of boundary conditions in [19,20].
In particular we are confident that the periodic finite-difference tests we have conducted provide a reliable reference for
comparison of the performance of the FC methods with state of the art finite-difference methods for complex domains.
As shown in Fig. 13, for example, the 15 point-per-wavelength FC method produces solutions with 1% L*-error for problems
involving 200 wavelengths—and, even 300 wavelengths and beyond; our fourth-order periodic finite-difference comparison
code, in turn, requires 40 points per wavelength to solve the 200-wavelength problem with the same 1% error. (Results of a
13 point-per-wavelength test on a computational domain 200 wavelengths in diameter were presented in [20], but no esti-
mates of the error were provided for that solution; based on our own periodic-domain finite-difference tests we expect the
associated L -errors to be of the order of 40% or higher—since our fourth-order finite-difference periodic-geometry test dis-
played in Fig. 13, shows 40% L -errors at 15 points-per-wavelength.) We thus estimate that, for a three-dimensional prob-
lem of 200-wavelengths in diameter at 1% L*-error, use of the FC method gives rise to a reduction by a factor of nineteen
(= (40/15)%) in the number of discretization points over those required by competitive fourth-order finite-difference tech-
niques—with corresponding savings in computing time and memory. The discretization-size improvement factors are much
more significant when comparisons are made with the second-order finite-difference methods used most often in practice:
at 1% L*-error, and, again, for a 200 wavelength problem in three dimensions, the number of discretization points required
by the FC method is 50,000 times smaller than the corresponding number of points required by a second-order finite-differ-
ence approach; see Section 7 for details.

Other relevant recent references concerning hyperbolic solvers include [21-23]. The Discontinuous Galerkin methods
[23], on one hand, are flexible and robust, but they can be expensive in execution time when compared to lower-order meth-
ods; in any case it seems reasonable to expect the gains resulting from the FC method when compared to finite-element ap-
proaches should be even more significant than those discussed in the comparison with finite-difference methods presented
above. An innovative method for the wave propagation problem, based on a Green’s function time-evolution approach, on
the other hand, was put forth in [24]. While this explicit method was shown to be capable of evolving solutions without
restrictions imposed by the dimensions of the smallest spatial cells, a number of examples [21] show that the method suffers
from instabilities. An exploratory discussion of a related method is presented in [22], showing that instabilities indeed occur,
and that these can be controlled, at least in some cases, by changing the discretization densities around boundaries; the pa-
per concludes, however, by stating that “the general conditions for this [stable, high-order] behavior remain unknown. This
problem is formidable...”.

Our FC-AD methodology overlays the geometry with a Cartesian mesh D, as shown in Fig. 1, and it uses, in addition, all
boundary points that lie at the intersection of the domain boundary with Cartesian discretization lines L: an example of a line
parallel to the x axis together with corresponding boundary points x, and x; is depicted in Fig. 2. Note that on each Cartesian
discretization line L a certain line-dependent number n = n(L) of equi-spaced interior points are positioned in an arbitrary
manner with respect to x, and x,, with the only limitation that x; — x, and x, — x,, are both less than or equal to h, where
h=xj1 —x;, j=1,...,n is the interior-point spacing. After use of alternating direction operator splittings to reduce the
PDE to a series of ODEs (of the form (42), see e.g. Eq. (82) below and Part I), our FC-AD approach uses a mesh such as the
one depicted in Fig. 2 together with the high-order Fourier Continuation algorithm detailed in Part I (the FC(Gram) method)

Fig. 1. Cartesian discretization Dy = GN Q of a non-rectangular open domain Q.
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Fig. 2. One-dimensional discretization grid (LN G N Q) U (LN &) on a typical discretization line L parallel to the x axis; similar discretizations are used on
all discretization lines L parallel to each one of the Cartesian coordinate axes. Note the boundary points L N 9Q = {x,,x,} that generically do not lie on the
regular one-dimensional Cartesian grid. A total of n discretization points x;, j = 1,...,n are shown in addition to the boundary points x, and x;.

to solve these ODEs with high-order accuracy at FFT speed—resulting, in all, in a high-order accurate solution to the PDE with
unconditional stability and, for wave propagation problems, without the difficulties posed by dispersion/pollution errors.

This paper is organized as follows: after a brief description of the FC(Gram) approximation method, in Section 2 we ana-
lyze the errors that result from this algorithm. An estimate of the errors arising from the corresponding FC-ODE algorithm, in
turn, is given in Section 3. The unconditional stability of the method for the Heat and Poisson Equations in a D-dimensional
domain, D > 2, is studied in Section 4 via a reduction to a one-dimensional stability problem which can be solved through
evaluation of certain singular value decompositions. As discussed in Section 4, unlike finite-difference eigenvalue-based sta-
bility tests, our stability criterion relies in an essential manner on use of singular values; see Remark 4.1. (Numerical results
demonstrating unconditional stability and high-order accuracy of the FC-AD algorithm for the Heat and Poisson Equations, in
agreement with the theoretical results of Sections 2-4, were presented in Part I.) In Section 5, we then extend the FC-AD
methodology to the Wave Equation and, in Section 6, we present numerical results obtained from this approach—demon-
strating, once again, unconditional stability and high-order accuracy. Results of an FC-AD algorithm which, in addition, pro-
duces a high-order of temporal accuracy, are also presented in this section. In Section 7, we present a comparative study on
the numbers of PPW required by various methods showing, in particular, that the FC-AD algorithms do not suffer from dis-
persion/pollution effects. Our conclusions, finally, are put forward in Section 8.

2. Accuracy of the FC(Gram) approximation
2.1. Summary of the FC(Gram) continuation algorithm

The FC(Gram) method, the details of which are presented in Part I, provides an accelerated variant of the “continuation
methods” introduced previously [25-27]; as discussed above, the FC(Gram) algorithm is a centerpiece of the FC-AD solver
[1]. Briefly, an application of the FC(Gram) to a smooth function y = f(x) defined on a bounded segment of the real line, pro-
ceeds by constructing a matching function f,..n that joins curves obtained from portions of the graph of f near the bound-
aries of its domain of definition, see Fig. 3; using f.cn the algorithm then produces a periodic function over a larger domain.
Without loss of generality let the domain of the function f be the interval [0, 1], let 4 be the length of the boundary segments
from which curves to be joined are obtained, and let the length the extended periodicity interval of the continuation function
be 1 +d. Further, letx; = (j— 1)h, j=1,...,n,h = 1/(n - 1), be a uniform discretization of the interval [0,1] with x; = 0 and
X, =1, and let

A=Iny—1)h and d=I(ng—1)h (1)
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Fig. 3. Calculation of a periodic extension of f(x) = esin>4m-27m-cos2m) ysing only a small subset of function values (ns = 10). Raised for visibility, the
function fiaen (x) is displayed in the upper-right portion of the figure.
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for certain integers I, n, and ny. The semi-positive-definite scalar products (-, ). and (-, )
tion given below - are defined by

(h,K)ee = Y h(x)k(x;) and

JEStet

(M K)igne = > X + 1+ d)k(x; +1+d),
jesr|ght
where Sghe = {1,1+ 1,21+ 1,...,(ny — 1)I+ 1} and Siee = {n — (n, — 1)I,n — (ny — 2),n — (n, — 3)I,...,n}.
With reference to Fig. 3, the main elements of the FC(Gram) continuation method (which are presented in greater detail in
[1]) are indicated in what follows:

righe — that are used in the prescrip-

1. For a given value of m (the resulting order of the approximation will be m + 1), an orthonormal basis Biest = {Pjog (%) }'r":O of
the space of polynomials of degree < m with respect to the scalar product (-, -),. is obtained by applying the (-, -),.-based

Gram-Schmidt orthogonalization process to the set {1,x,x?,...,x™} in order of increasing degree. Analogously, an ortho-
m

normal basis Byigne = {P[ight(x)} . of the space of polynomials of degree < m with respect to the scalar product (-, -) ;g IS
=

obtained by applying the (-, ),,n,-based Gram-Schmidt orthogonalization process to the set {1,x,x%,...,x™} in order of
increasing degree. (In practice, to avoid accuracy losses, our algorithms use the Gram-Schmidt orthogonalization process
with partial reorthonormalization; see Part I.)

Remark 2.1. The “skipping-parameter” I determines the number (I —1) of discretization points x; in each one of the
boundary intervals [1 — 4,1] and [1 +d, 1+ d + 4] that are “skipped” between any two discretization points used in the
scalar product (2). As mentioned in Part I and as is established by the error estimate (37) below, slight increases of the
parameter I are necessary to achieve convergence of the FC(Gram) algorithm to absolute zero errors (see also Remark 2.5).
The necessary increases to achieve such convergence are actually extremely slow: in practice the value I = 1 (no skipping) is
sufficient for high-order convergence to machine precision levels.

2. Given a function f € C*[0,1], the coefficients
Ulee = (fieres Plege) ey AN Gfige = (frigm-,P ;ight)right 3)
of the polynomial approximations (projections)

fore®) = Z QerPlee(¥) and  fE (x) = Z righePrighe (X) (4)
r=0 r=0

are obtained.

3. Highly accurate pre-computed FC(SVD) continuations f*¢ ¢ Cpor[1 — 4,14 2d + 4] are used for certain pairs {P,Q} of
Gram Polynomials, where P € Byer; and Q € Biighe, and where fP2 € Cper[1 — 4,1 4-2d + 4] is a Fourier Continuation of both
P and Q. Various types of polynomial pairings are admissible as are methods to effect their joint continuation; full details

concerning our prescriptions in these regards are presented in Section 2.3 of Part I. As indicated in that section, the

method we use leads to certain continuation functions f., and fl,,, r=0,...,m.
4. The function fiacn is Obtained as the following linear combination of the FC(SVD) continuations mentioned in point 3:
I Ao + 0y Oree —
ght left right
Ften () =~ L ) 4 ST ). (5)
r=0

5. A “discontinuous-projection” function f% is constructed according to the following formula (which is used in part on the
basis of stability considerations presented in Section 4):

ﬁght(x -1-d) for x € [0, 4],
f(x) for x € (4,1 - 4),
fP) =4 (%) forx e [1 - 4,1], (6)
Smaten (%) for x € (1,1 +d),
foP(x+1+d)=fPx) forallxinR

6. The FC(Gram) continuation f¢ of f is obtained, finally, as a trigonometric polynomial of periodicity interval [0, 1 + d] and
appropriate degree, that interpolates f% at the equi-spaced mesh x; = (j — 1)h, j=1,...,n+1I(ng — 1) — 1. (Notice that,
although the function f is discontinuous, see Remark 2.3, this function is close to a smooth and periodic function of period
1 +d.) In detail, f¢ is defined as the Trigonometric Interpolant (7)

fx) =T(F®) (). (7)
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Here, the action of the operator 7 on a function g € L?[0,1 + d] is defined by

T@W=11g > ae™ )

ket(n+I(ng—1)-1)

where ¥, =22 t(r)={keN:-r/2+1<k<r/2}forrevenand t(r) ={k e N: —(r —1)/2 <k < (r—1)/2} for r odd, and

where the coefficients c;, which are given by the Discrete Fourier Transform

1 —I—d n+l(ng—1)-1

_ g
= T =0 gx)e"™, ©)

Cr
=

can clearly be obtained rapidly by means of a Fast Fourier Transform (FFT). Although FFTs of size given by powers of two can
generally not be used in this context, as discussed in the introduction to Part I, use of “adequate” FFT implementations enable
evaluation of the discrete Fourier Transform (9) at a computational cost of O{(n+1(ng — 1) —1)log(n+1I(ng—1) — 1)}
operations.

Remark 2.2. It is easy to check that, while for the error analysis below it is useful to define fi.n and fI° as functions of a
continuous variable x (which requires f itself to be a function of the continuous variable x), the definition of the function f¢(x)
actually depends only on the values (fi,...,fa) = (f(x1),...,f(xn)). Thus, via the substitutions

fx)—f; forj=1,...,n, (10)

the prescriptions above can be used to define a Fourier Continuation function f¢(x) from discrete data of the form

f=0f)

2.2. Error analysis in the interval [0,1]

The brief description above of the FC(Gram) continuation algorithm suffices for the purposes of this paper; a more de-
tailed presentation in these regards is given in Part I. In what follows we provide an estimate of the error in FC(Gram)
approximations of a smooth function f € C*[0, 1], where k is either a sufficiently large positive integer or k = cc. In Section
2.3, we then extend this result to provide estimates of the extrapolation errors that occur as the FC(Gram) continuation
method in the interval [0,1] is used for a smooth function f that is defined in a “slightly extended interval”
[—&ieft, 1 + &rigne] 2 [0, 1]. (The extended error estimate is needed for our analysis of the FC(ODE) error in Section 3.) To obtain

our FC-Gram error estimates we evaluate the errors arising from each of the error-generating elements of the method,
namely steps 2, 3-4 and 5-6 above.

Remark 2.3. In our analysis of the FC-AD algorithms a slight variation of the function fd°, namely, the discontinuous
extension function

f(x) for x € [0, 1],
FE) = < fmaten (%) forx € (1,1+d], (11)
flex+1+d)=f%x) forallxinR,

is used in addition to fd itself. Clearly, the functions f¢ and fd differ by amounts that tend to zero like ™" as h — 0. At
some points in our analysis it will prove necessary to perform certain blending operations on discontinuous functions which,
like f4¢ and f9, differ by little from a smooth function. The smooth functions resulting from such blending procedures will be
distinguished by superimposing a bar to the function name so that, e.g. the smooth, blended version of f4 will be denoted by
fde. For example, the blended version of the function f% is defined by

f&) +wX/4) fraen(x +1+d) - f(x)) forx [0, 4],

. f(x) for x e (4,1 - 4),

fle(x) = (12)
F&) +w((1 = x)/4)(fmaten (x) — f(X)) forxe[1-4,1+d],
fle(x +1+d) = fde(x) for all x € R,

where w(x) is a smooth infinitely differentiable windowing function satisfying 0 < w(x) < 1, and such that w(x) = 1forx < 0
and w(x) = 0 for x > 1. Fig. 4 demonstrates the blending procedure around x = 1 assuming 4 = 0.1: the functions fand fiatch,
which are defined in [0,1] and [1 — 4,1 +d + 4], respectively, are blended smoothly in the region [1 —4,1] =[0.9,1].
Although our analysis uses smooth blending functions such as fd, our final error estimates apply to the function f°~whose
definition does not include the use of blending procedures.




3364 M. Lyon, O.P. Bruno/Journal of Computational Physics 229 (2010) 3358-3381
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Fig. 4. Blended (smooth) version fd¢ of f near x = 1, resulting from smooth blending of f and fnaen according to Eq. (12).

2.2.1. Error arising from step 2 of the FC(Gram) algorithm

Step 2 of the FC(Gram) algorithm projects orthogonally the boundary functions f i and figne Onto spaces of polynomials
of degree < m with respect to the semi-positive definite discrete scalar products (2). To proceed with our error analysis we
consider optimal L™ polynomial approximations: we let pi, and pygh be the optimal maximum norm approximations of fie
and fiigne by polynomials of degree m in the corresponding 4-length boundary regions. A well known expression (cf. [28, p.
91]) gives the maximum-norm best polynomial approximation; in the present case we obtain, for example

Am+1 U‘(mﬂ) (i)

25 (1) (13)

Wfiett — Drefellip a1y =
for some point ¢ in the 4-length interval, with a similar identity for fiigh: and pyigh. Since per is in the space of polynomials of
degree < m, its orthogonal projection (according to (2)) into the subspace of polynomials is equal to itself. Thus, the maxi-
mum error made in projecting fi: into the subspace of polynomials of degree < m over the interval [1 — 4,1] is bounded as
follows:

m
[ fiete _fiiftHl_X[l,A‘]] < feett = Prefelliei—any + Z (Prett — fiett: Plest) e Plett (14)
r=0 L°[1-41]
Introducing the quantity (related to the Lebesgue constant, cf. [28, p. 100])
m m
Lim,na) = max, > (1 Pl Pl = max, >~ (1 [Prg]) o [P (15)

(the definitions in terms of “left” and “right” polynomials coincide in view of the easily-established identity
Plight(X) = Pjege(x — d — 4)) it follows that

m
Z (pleft _ﬁeftzp{eft)leftp{eft < L(m, ny) |lfiere — pleftHLx[l—A,]] (16)
r=0

L*[1-4,1]

with a corresponding inequality with “left” substituted by “right” and [1 — 4, 1] substituted by [1 + d, 1 + d + 4]. Thus, denot-
ing by M the maximum of f(™*1)(x) over the intervals [1 — 4,1] and [0, 4] (whose values coincide with those of the corre-
sponding derivatives of fier and figne on the intervals [1 — 4,1] and [1 +d, 1 + d + 4], respectively), we obtain the bounds

Am+1M
fete = feell gy < (1 +L(m, M)ty 2 (17

AmHM
< _—
IR RETIY (1+ Lim,n.)) 22 (m 1)

fnght frlght

(18)

The parameter L(m,n,) for values of the maximum polynomial degree m and the dimension n, of the discrete scalar products
(2) that are relevant to this work (which can be obtained by means of direct evaluations of the expression (15)) are displayed
in Table 1.
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Table 1
Lebesgue-type constants L(m,n,) for n, = 10 and for various values of m of interest in the present section. The estimates of the parameter L(m,n,) displayed in
this table were obtained as the maximum of the first sum in Eq. (15) over 30,000 equi-spaced points in the interval [1 — 4,1].

m=4 m=>5 m=9

L(m,ny) 1.7021 1.9261 17.849

2.2.2. Error arising from steps 3 and 4 of the FC(Gram) algorithm

An additional component of the error in the FC(Gram) continuation method arises as the FC(SVD) algorithm is used to
produce the matching function fu.h. Clearly this additional error can be evaluated as a linear combination of the errors
in the approximation of the relevant even and odd Gram polynomial pairs by the corresponding FC(SVD) continuation func-
tions fZ,., and f1,, for eachr € {0,...,m}. Table 2 lists the latter errors for the even and odd polynomial pairs arising from the
six Gram polynomials r € {0,...,5} that are used in the FC-AD approach, and for parameter values (see point 4 above) as
detailed in Part 1.

The errors inherent in the FC(SVD) continuations f/,., and f,, of the Gram basis functions (Table 2) can be combined
according to Eq. (5) to produce an estimate of the error in the approximation of fier and fiight bY fmaten: for x € [1 — 4,1],
we obtain

m ar ar_ ar _ ar_
fmatch (X) _flléft(x) = Z w (ferven(x) - lreft(x)) + w (fzgdd (X) - lreft(x)) (19)

r=0

with a similar result on the right for x € [1 +d, 1 + d + 4]. For future use we introduce the notation

So(m) = max (Hfmatch _flléftHLx[l—A.l]’ ‘Vmafch _fgght

20
LX[1+d,1+d+A]>7 (20)
which is used in our subsequent error analysis; note that So(m) also depends ond/4, n,, gand 1: So(m) = So(m,d/4,n,,8,7).
In view of (19) and the corresponding equation involving l?i’ght(x), So(m) can be bounded, for our choice of parameters, in
terms of the approximation errors listed in Table 2. Clearly, owing to the observed spectral accuracy of the FC(SVD) contin-
uation method [27], given a fixed n,, So(m) decays spectrally as g and 7" grow appropriately, see point 3 in Section 2.1, inde-

pendently of L.

Remark 2.4. With reference to Table 2, we note that the errors arising in steps 3 and 4 are negligible in practice. Indeed the
coefficients multiplying f7,., and fI,, decay like O(h") and thus full machine precision approximations can be obtained from
steps 3 and 4 despite entries in Table 2 which are larger than machine precision.

2.2.3. Error arising from the overall FC(Gram) algorithm: steps 1-6

Since f¢ = T(f?), to estimate |[f — f||;~01; = IIf — 7 (f®)l|~01, We first construct a smooth approximation fd (see Remark
2.3) of the discontinuous function f% (using the smooth windowing function w(x) scaled to a 4-length interval, see e.g. Eq.
(12) above). It is easy to obtain estimates, that are needed in what follows, of the error introduced by the smoothing process:
from the fact that 0 < w(x) < 1 and from the bounds (17), (18) and (20), we obtain the result

Am+1M

_ fde .
If —f HLX[O_]] < So(m) + (14 L(m,ny)) J2mil m+1)! . (21)
Considering the definition (6) of fd°, in turn, we obtain
R An‘H—lM
IFP — faelp0.) < So(m) + (1 +L(m, n4)) (22)

22m+l (m + 1)' :

Table 2
Maximum values over [1 — 4,1]U[1 +d, 1 + d + 4] of the differences between the even and odd Gram polynomial pairs and their SVD continuations f,., and
fiqq for the parameter values n, =10, d/4=26/9, g=63 and 7 =150. (Maximum values evaluated as maxima over 1800 points in the set

1 —-4,1u[1+d,1+d+4])

r max ‘{P{Eft,Pﬁgm} = max|{P feft: =P, ;ight} —fad
0 56 x 107" 1.7 x 10716
1 6.1x10°16 56 x10°1®
2 291071 25x10°"°
3 14x10° 1 16 x 1071
4 14x1071 56x 1071
5 42 %1013 53x10°"
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The desired estimate of the error ||f — 7 (f)||;~ 0.1 is based on use of the smooth and (1 + d)-periodic function fde: adding
and subtracting both fd¢ and its interpolant 7'(fd¢) we see, in view of (21), that it suffices to obtain adequate estimates for
Ifde — T (f4e)|| x4 and || 7 () — T (f4P)[| o ,); We obtain such estimates in what follows.

In order to obtain a bound for |[fde — 7 (fde)||~ p.1 (whose final form is given in Eq. (35) below) we consider the exact Fou—
rier series offde and, recalling the definition of the functlon t given below Eq. (8), its t(n 4 I(ny — 1) — 1)-term truncation f4, .

1

T = e, [ =174 e ", (23)
1 + d kzo:c e 1 d ket(n+1(znd:—1)—l)
as well as its trigonometric interpolation
_ 1 .
T (fde)(x) = i+d Z cve ", (24)

ket(n+I(ng—1)-1)

where again ¥ = 2k (Clearly, the interpolation coefficients ¢, (Eq. (9)) do not coincide with the exact Fourier coefficients of

the function fde, which are given by

1+d
cx :/ fde(x)e? dx. (25)
0
The error introduced in the approximation of the function fde by 7'(fd) can be estimated as follows:
F(x) = T () 0] < ) = T (Fine) 0] + |7 (7% — Fifone ) )| (26)

Now, from a classical result [29, p. 119, 30, p. 272] on trigonometric interpolation error, for a function g € L*[0,1 + d] we
have

IT(2)(x)| < Cr log(n +1(ng — 1) = 1)||gll= 1.4 (27)

for some constant C;. Letting g = fde — fde_(the tail of the Fourier series) and recognizing that, since T( mmc) = fde . the
first term on the right hand side of Eq. (26) equals |g(x)|, from Egs. (26) and (27) we obtain

F=(x) = T(F%)(x)| < Cr log(n + I(ng — 1) = 1) [ — e

1°0.1+d)’ (28)

where C; = CA; +1.
To express our estimate in terms of the parameters of the problem we note that, clearly

[ D DU [+ (29)
01+ stnrig—1)-1)

To bound the magnitude of the coefficients c{*, we use integration by parts g times on Eq. (25); we obtain
(_1)’4 1+d
vl Jo
where the boundary terms of the integration by parts procedure vanish since f@ is a smooth periodic function. But, over the
interval [1,1 + d], the function f coincides with fnacn, Which is given by the linear combination (5). It follows that, over that
interval, the qth order derivative fd@ is given by the corresponding linear combination of (feven) and (f, )(‘”, r=0,...,m
Further, the polynomials in the bases B and Biign: and, therefore, their FC(SVD) continuations ff,., and f,,, can be obtained
as scaled versions of a set of C™ functions that are independent of d, A I and h—provided that, as prescribed in point 4 of
Section 2.1, n4, d/4, g and T are kept fixed. It follows that, for all g > 0, f atch( ) is bounded by 479 times a constant inde-
pendent of h, d, I and 4. Similarly, for any q > 0, the gth derivative w@ of the windowing function used to construct fde is
bounded, and, thus, the gth derivatives d/dx?(w(x/4)) and d?/dx? (w((1 — x)/4)) of the scaled functions over the respective
intervals [0, 4] and [1 — 4, 1] are bounded by 47 times a constant independent of h, d, I and 4. Thus, using the chain rule for
differentiation we see that, for fixed f € C?[0, 1], there exist constants F, and M, independent of h, d, I and 4, such that

Mqg47% for x € [0, 4],
Fq forx € [4,1 - 4], (31)
Mga™® forxe[l1-—4,1+d],

E(Q) (X)e‘ljkx dx7 (30)

ex _
C =

d' —
Wfde(x) <

where M, depends only mildly on the function being approximated. Eqs. (30) and (31) give rise to the following bound for
the coefficients cf*:
Ex (1+d)? (d+24)(1+d)*
27‘[/() (2mkA)" r

(32)



M. Lyon, O.P. Bruno/Journal of Computational Physics 229 (2010) 3358-3381 3367

From the definition of the function t (below Eq. (8)) we note that for k ¢ t(n+ I(ng — 1) — 1) we have |k| > (1 +d)/2h.
Clearly for all ¢ > 1 and n > 1 we also have

<1 1 * 1 1 1 q
LI S dk=— < : 33
qu nq+,/,, ke nq+(q_1)(n)‘” (@—1)n? 2

k=n

Therefore from Egs. (29) and (32), we obtain the bound

1 q-1
Fde _ fde q(1+d)h’ qd/4+2)(1+d)h" 4
|7 winclora S @m0t (q- A ‘ G4)
and, in view of (28), one of the two needed estimates follows:
S — 1+d)h*’
|17 () ,fde”LX[O']er] <Crlogn+1I(ng—1) — 1)%&, +Crlog(n+1I(ng—1)—1)
q(d/4+2)1+d)h? 4
. 35
CERCZ) . 52
Noting that fde = fd on the interval [1,1 + d] and using (22) and (27), finally, we obtain
o Am+1M
1T (fo) = T (f) ||~ 0.0y < Cr log(n+1(ng — 1) = 1) { So(m) + (1 + L(m,ny)) g ——— |- (36)
2 (m+1)!
The full estimate of the error of the FC(Gram) approximation now follows by combining Eqgs. (21), (35) and (36):
If = fllpqy < log(n+1(ng = 1) = (G + &+ G+ ) (37)
with
(=(Cr+1)(1+Lim,n ))ﬂ (o = (Cr +1)Sp(m) (38)
61 = T s It4 22m+1(m+1)!7 62 = T 0 )
} q(1 +d)h?! q(d/4+2)1 +d)h* "4
=C F d =C . 39
R e 17 e (1 [ A )

Remark 2.5. Since, according to the prescription in Eq. (1), 4 equals I(n, — 1)h with integer values of I and n, (n, fixed), the
quantities ¢; and {3 converge to zero like K™ as h — 0, provided q is large enough. The quantities ¢, and {4, in contrast, do
not tend to zero as h — 0: in this limit {, and {4 converge to small values determined by the errors of approximation of Gram
polynomials by FC(SVD) continuations. In view of the observed spectral convergence of the FC(SVD) approximation, (some
details of such a convergence proof have been verified numerically but a rigorous proof is still unavailable [27]), given a fixed
ny, the quantity {, decays spectrally as g and T grow appropriately, see point 3 in Section 2.1, independently of I. The
skipping parameter I, in turn, can be increased holding g and 7" fixed (and increasing n = 1/h + 1 as necessary), to make {4 as
small as desired. Thus, taking fixed values of n, and d/ 4, the bound (37) implies convergence of the FC(Gram) algorithm as h
tends to zero and I, g and 7 are allowed to grow appropriately. Our numerical experiments [1] indicate that, taking I = 1,
suitable values for the FC(SVD) continuations parameters g and 7" can be selected (see Table 2 and Remark 2.4) to ensure
(D(hm”) convergence of the FC(Gram) approximation to full machine precision. In view of these considerations, only I = 1 is
used in our numerical examples and theoretical considerations for the remainder of this paper.

2.3. Error analysis in the slightly extended interval [—&ef, 1 + &rignt] 2 [0, 1]

As mentioned at the beginning of Section 2.2, here we generalize the analysis provided in that section to obtain bounds on
the extrapolation errors that occur as the FC(Gram) continuation method in the interval [0,1] is used to approximate a
smooth function f on a “slightly extended interval” [—&ief, 1 + &rigne] 2 [0, 1] With & = X1 — X, < h and &ggne =X — X, < h
(see Section 1). These bounds are used in Section 3 to estimate the accuracy of the FC-ODE algorithm.

To obtain bounds valid in the interval [—é&ef, 1 + &gne] 2 [0, 1], only the bounds (21) and (22) (and consequently, only the
parameters ¢; and ¢, in Eq. (37)) need to be generalized to the interval [—&ief, 1 + &igne): the estimate (35) is already valid over
the slightly extended interval. Letting

& = Max(&iefr, &right) and A°=A+¢, (40)

and generalizing the analysis of the previous section to the slightly larger interval yields a bound of the form (37) with {; and
¢, substituted by
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(AS)YT‘HIM

P £
= € D L) =

and (= (Cr +1)S5(m), (41)
where L°(m,n,) is given by the obvious modification of (15), i.e.,, the maximum is now evaluated over the interval
[1 - 4,1+ ¢]. Fig. 5 demonstrates, for the function f(x) = e*, the extrapolation errors that result as the Fourier Continuation
function f* is used to approximate the original function fin the interval [1, 1 + h]—displaying, in particular, errors in the inter-
vals [1,1 + &gt for all ggne < h.

Clearly, the value of L*(m,n,) (which we have evaluated numerically as the maximum of a large number of points in the
interval [1 — 4,1 + ¢]) is an increasing function of &. The effect of the extrapolation is significant: our numerical calculations
show that L?(m,n,) increases rapidly with ¢, going from about 1.7 for £ = 0 to a limit as ¢ — h that is no larger than 8.5 for
m = 4, and from just less than 2 for ¢ = 0 to a maximum of about 16 as ¢ — h for m = 5. We only consider here the depen-
dence of L*(m,n,) on & for m = 4 and m = 5 since, owing to the stability considerations presented in Section 4, these are the
values of m we use within our FC-AD methodology. These bounds on L?(m,n,) (8.5 for m = 4 and 16 for m = 5) are indepen-
dent of the mesh and therefore constants for the convergence analysis of the FC(Gram) approximation. The value of S;(m), in
turn, is determined in the same manner as So(m) (see the text below Eq. (20)); upper bounds for S;(m) for all 0 < & < h can be
obtained as the values in Table 3 are used instead of those in Table 2: Table 3 assumes the worst possible case ¢ = h. Finally,
we note that Remark 2.4 applies in the present context as well.

Remark 2.6. The results of this section provide estimates on the errors that result as the FC(Gram) continuation functions f¢
are used to approximate a function f defined in an extended interval [—&ef, 1 + &rign¢). In particular, the errors in such (h-
dependent) intervals converge to zero in the manner analogous to that indicated in Remark 2.5.

-7

x 10
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0.8

0.7
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0.5
0.4
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0.5F 1 0.1

0 0.5 1 15 1 1.005 1.01 1.015 1.02
X T

Fig. 5. Left: Fourier Continuation function f¢ with periodicity interval 1 + d = 1.5 for f(x) = e* obtained, with m = 4, from n = 51 equi-spaced points in the
interval [0,1] (including the points x = 0 and x = 1); the step-size is h = 0.02. For reference both f¢ and the exponential function e* are displayed in the full
continuation interval [0, 1 + d] = [0, 1.5]. Right: Difference eX — f¢(x) for x € [1,1 + h] = [1,1.02]. The estimate (37) with ¢; = {§ and {, = ¢} given by Eq. (41)
and ¢; and ¢4 given by Eq. (39) predicts that, in the present case, the departure between e* and f¢(x) for x € [1,1.02] is not larger than 8.0 x 10~". Clearly the
errors displayed in the right figure are consistent with the theoretical error bound.

Table 3

Maximum values over [1 — 4,1+ hJU[1 +d—h,1-+d+ 4] of the differences between the even and odd Gram polynomial pairs and their SVD continuations
flen and fI,, for the parameter values n, =10, d/4 = 26/9, g =63 and 7" = 150. (Maximum values evaluated as maxima over 2000 points in the set
1-4,1+hu[1+d-h1+d+4].)

i max ‘{PlreftsP;ight} — faven MDY |{P,’eﬂ, _P;ight} _fgdd‘
0 56 x 107" 29x10°1°
1 48 %1074 56x1071°
2 6.7x107" 12x10°"
3 22x10°12 23x10
4 48 %1013 6.0 x 10712
5 12x10°1° 22 %1012
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3. Accuracy of the FC-ODE algorithm

As mentioned in Section 1, the overall FC-AD approach proceeds by reducing a PDE to a series of ODEs that are subse-
quently solved by means of the FC(Gram)-based ODE solver FC-ODE. In what follows we briefly review the main lines of
the FC-ODE algorithm for ODEs arising from the Heat, Wave and Poisson Equations, and we present an error analysis estab-
lishing its high-order convergence.

Given an ODE of the form

—ou'(x) +u(x) = F(x), u(x)=B, u(x)=B8, (42)
the FC-ODE algorithm produces an approximate solution i,

it = S (43)

oe X

(where 11 = (1};) is an approximation of the exact-solution values u(x;)) for a given approximation f = (f;) of the ODE right-
hand-side, f; =~ F(x;). We describe our FC-ODE algorithm in what follows.

Remark 3.1. In our PDE applications, « is a simple function of the time-step At, see Eq. (85) and Part I. Some of the
prescriptions for the FC-ODE solver are introduced to give rise to stability in our overall FC-AD PDE solver.

In its first step, FC-ODE obtains the FC(Gram) continuation Fourier series f°(x) of (f;) (see Section 2.1 and Remark 2.2)

fro=> e’ w T, -

ket(n+ng—2)
Next, including the appropriate solution of the associated homogeneous problem, the function » obtained as

v(x) = G s oy (x) + Cohy (%) 45)
- 1 402 m2k? 1 22 ’
ket(ning—2) 1 + ox 2112

solves Eq. (42) with F replaced by f¢, where c¢; and c, are constants chosen to fit the boundary conditions in (42) and where
the homogeneous solutions are given by,

hi(x) = e and hy(x) = e /%, (46)

Then, a discrete correction #; is introduced in the FC-ODE (for full consistency), which is obtained as the solution of the
equations

2 Mis1 = 215+ 14
;=0 otherwise (48)

+n=f-f), forje{l,....ngju{n-n,+1,...,n} (47)

with boundary conditions #, = 0, #,,,; =0, 1, ,, = 0and 7, , = 0. The discrete solution &; of the ODE under consideration,
finally, is constructed as

= —nf + (1= )0l + qvf,  x=min250/h% 1), (49)

where the superscripts p and b denote boundary projections (open and closed, respectively) into a polynomial basis of degree
m. The open boundary projection (superscript p), which results from use of the inner product defined in Eq. (2) (applied to
the discrete data »;, compare Remark 2.2) coincides with the projection used in step 2 of the FC(Gram) algorithm. The closed
boundary projections (superscript b) are defined and computed similarly, using scalar products defined over the sets
{Xj :] € Siere} U {x;} and {X; : j € Sygnc} U {X/} instead of those given in Eq. (2); see Part I for details. We note that use of this
combination of open and closed boundary projections was experimentally determined to insure that the error in the FC-
ODE solution tends to zero as « tends to zero, while yielding unconditional stability in the overall FC-AD solver; an extended
description in these regards is presented in Part I. This concludes our brief description of the FC-ODE algorithm, and we thus
turn to our error analysis of this method.

In order to determine the error of the approximate solution i = (i};) given by Eq. (49), assuming
F € C*[x,,x,] (u € C*"?[x,,x,]), we consider the Green’s function associated with the differential operator in Eq. (42). For clar-
ity, and without loss of generality, in this section we let x, = 0 and x, = 1; notice this notational simplification is different
from the one made in Section 2.1, where we set x; = 0 and x, = 1 instead. (The interval [0, 1] here corresponds to the ex-
tended interval [—&ief, 1 + &rgne] Of Section 2.3!) The Green'’s function for zero Dirichlet data for the interval [x,,x,] = [0, 1]
is given by
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2e/__ oinh <L> sinh (ﬂ> for x < x,

EICERSY o el
G(x,X) = -
2¢!/14 ; sinh (1;") sinh (i> for x <x.

ECERST ] Jof]
Since the function v (defined in Eq. (45)) is the exact solution of

—02v'(X) + v(x) = f°(x), v(x) =B, v(X)=B5, (51)
it follows that

1
ux) — v(x) = / (F(x) — f*(%))G(x,X) dX. (52)
0
Clearly this quantity is bounded by
1
= vl < IF = Fllgy | 1Gx el (53)

Noting that G(x,X) > 0 for x, x € [0, 1], and that, further,

1 sinh (1-%) 4 sinh (%
0< / G, dx =1 (‘“‘) <‘“‘) <1, (54)
0 sinh (@)
we obtain
[u = V=01 < IIF = fllixp)- (35)

We now consider the error resulting from the open and closed stability-projections. Let u? and u® be the open and closed
boundary projections of the function u; these functions are approximations of u by polynomials of degree m. The approxi-
mation error in these projections can be bounded by a procedure analogous to that used in the context of the error analysis
for the FC(Gram) algorithm. Recalling the definitions of ¢ and 4% from Eq. (40), we have

\m+1
o 8 (4™ M,
=Pl < (1 L) s (56)
and
Ag m+11\/1u
U= gy < (14 Lo, ) 2 (57)

22" (m 4 1)

where M, is the maximum of the (m + 1)th derivative of u over the set [0,X,,] U [Xy_n, 1, 1]. The new constant L;(m, n,) in Eq.
(57) is a quantity analogous to L?(m,n,) which uses a set of discrete sampling points that includes the relevant boundary
point (x, or x,) in the boundary projection. A direct evaluation of this quantity, performed in a manner similar to that de-
scribed in the caption of Table 1, shows that with n, = 10 we have Lj(m,n,) < 2.1 for m =4 and m = 5.

The discrete correction #;, which, as discussed in Part [, is used to ensure full consistency of the FC-AD algorithm, is ob-
tained as the solution to Eq. (47). We clearly have

ny ny n n
S’ <S> (-fx)? and > i< D (F-fx)) (38)
j=1 Jj=1 j=n-ns+1 j=n-ns+1

since #); is obtained for each of the two setsj € {1,...,n,} and j € {n —n, + 1,...,n} by inverting a symmetric positive def-

inite matrix with eigenvalues greater than or equal to one. Further, #; — nj’ is bounded by

max [, — 17| < VAIIIF =l 01 (59)

j=1,..,n
since 17]?’ is calculated by an orthogonal projection for which the bounds
ny

Z(m—nf)zéi(n;)z and > (-n)< Y (60)

A
j=1 j=1 j=n-ny+1 j=n—ny+1
hold. (Note that #; = 17]’.’ =0forj=n4+1,...,n—ny4.) The error in the approximation t;, defined in Eq. (49) as

ty = 1= + (1= )2 + 12, 61)

can then be bounded by combining the previous bounds. With some algebra using Egs. (54)-(56) and (58) we obtain
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(Az:)m+1Mu

max Ju(x) — i < (VnAJr +2\/E+1>||F Sl + (+Lg(m7”4)+L§(m’n"))22m”(m+l)x'

(62)

Since n, is ﬁxed Lg(m,nA) and L[°(m,n,) are uniformly bounded, and 4°= O(h), we conclude that

related to the accuracy of the FC(Gram) continuation.

4. Stability and singular-value decompositions

In this section we establish the stability of FC-AD algorithms introduced in Part I for the Heat and Poisson Equa-
tions. Our analysis relates stability to a bound on the largest singular values of the matrices associated with the dis-
crete one-dimensional operators S5 BB The conclusions of our analysis are drawn from a numerical evaluation of
such singular values for a complete range of all but two of the parameters involved: the two parameters n, and
ny, defined below (the numbers of discretization points within the PDE domain in the vertical and horizontal lines
passing through x; and y;, respectively) are taken to span a large range but, naturally, not the complete (infinite) range
of possible values.

Remark 4.1. The stability of finite-difference algorithms can generally be established through consideration of the
eigenvalues of certain symmetric matrices, which control the growth and accumulation of errors over the number of time-
steps necessary to advance the solution up to a given final time T. In the case of the ADI algorithm a stability analysis for
rectangular D-dimensional domains (D = 2,3,...) can in some cases be reduced to study of eigenvalues of one-dimensional
finite-difference matrices. Indeed we have (1) for rectangular domains, ADI time-stepping amounts to application of a product
of fixed one-dimensional operators [31, p. 599] (the same is in fact true of FC-AD time-stepping for rectangular domains),
and (2) each one of the one-dimensional ADI operators mentioned in point (1) are symmetric matrices. Under these two
conditions, the Euclidean operator norm of the overall D-dimensional ADI time-stepping matrix (that is used in the ADI
stability analysis [31, p.599]) is bounded by the product of the largest eigenvalues of the underlying one-dimensional
operators. If the one-dimensional alternating direction operators are not Hermitian, as is the case for both the one-
dimensional operators associated with the FC-AD algorithm and with the D-dimensional ADI operator for a non-rectangular
domain, the largest eigenvalue does not equal the Euclidean operator norm. As shown in what follows, the FC-AD stability
analysis can still be performed by appealing to singular values instead of eigenvalues: below in this section we use singular
values of one-dimensional operators to establish stability of the overall D-dimensional FC-AD solver for the heat equation in
general non-rectangular domains.

In order to facilitate reference to the grid points in the interior of the domain, we introduce some additional notations. Let
the bounded open set © (the domain of the PDE, see Fig. 1) be contained in [a,, b,] x [ay, b,], let

{(*,y)) : 1<i< Ny, 1<j<Ny} (63)
be a Cartesian mesh in the rectangle [a,, b,] x [a,,by], and call D, the set of mesh points interior to Q:
Do = {(xi,¥;) € [ax, by] x [ay, by] : (x:,¥;) € Q}. (64)

For a given point (i, ¥;) € Do, let n,, be the number of points in Do on the same vertical line as (x;,y;), and let n,, be the cor-
responding number of points in D, on the same horizontal line.

We also introduce some vector spaces associated with these meshes: we let ¢,(n) = R" be the usual n-dimensional vector
space with the Euclidean norm (in our constructions n may be either n,, or ny, for some x; or y;) and, calling N the total num-
ber of points in Dy, we define the space ¢, (D,) = RP2—that is, the set of all functions from D, to R—with the usual Euclidean
norm: for a given 6 € £(Dg), 0 = 0(x;,y;), the norm of  is given by

H0||z/2(739) =
(xi.y;)€Do

4.1. Stability: reduction to evaluation of FC-ODE singular values

To start our study we introduce the following definition concerning the FC-ODE solver.

Definition 4.1. Let an n point discretization of the interval [x,, x|, as depicted in Fig. 2, be given. We define L; as
the FC-ODE solution operator with boundary-values B, and B;: L = S}5; BB (see Eq. (43)). Further we define L; as the linear
map from ¢,(n) — ¢,(n) given by L,f = (2L; —I)f. Note that g; = Z?:]Lz‘,‘jfj is an approximation of q(x) = 2u(x) — f(x).
(Here and in what follows, the matrices of the operators L, k = 1,2, in the underlying canonical basis, are denoted by
Ly = (Lig)-)
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The FC-ODE solution operator )5 BB which is described in Section 3 and, in more detail, in Section 4 of Part I, is defined
in terms of (1) the FC(Gram) Fourler Contmuatlon algorithm; (2) exact solution of ODEs with right-hand-sides given by Fou-
rier series, and (3) certain corrections introduced to insure stability and convergence when FC-ODE is used as part of the FC-
AD PDE solvers.

Remark 4.2. The linear maps L, and L, depend on the FC(Gram) and FC-ODE parameters n, h, ns, m, d/4, g, 7, & = X1 — Xy,
& = X; — Xn, By, By and o. As is appropriate in stability studies, the boundary values B,, B, are taken to vanish for the stability
analysis presented in this section. For a given domain £, a selected time-step At (which determines «; see (42) and Part I), a
given Cartesian mesh (64), and selected values of n4, m, d/4, g, T (such as those listed in the caption of Table 2, which are, in
fact, the values generically recommended in Part I), the operators L, depend on three parameters only, namely, the number n
of discretization points used and the values &, and ¢,; when necessary, in what follows, we make these dependencies explicit
through the notations L = L™ for k =1, 2.

Our analysis proceeds through consideration of the following versions, defined in all of Dy, of the operators L; and L,.

Definition 4.2. For a given 0 € (5(Dg), 0 = 0(x;,y;), we define the operators L} :(;(Dg) — £2(Da), Ly : £(Dg) —
Zz(DQ), ,Ci : fz('DQ) — fz(Dg) and [:32, : Zz('DQ) — fz('DQ) by

n
Yj

L3[0)(xi,¥;) Zh O

£1 [6 Xny] Z Lljkelka
(66)

ny]

E [6 Xny] ZLZI’(ija and

Lz [0 Xny] Z LZ]k()zk

We note that the Heat Equation FC-AD algorithm can easily be expressed in terms of the operators (66) with o> = ¥ (see
Definition 4.1): the approximate solution 1" = ( ,}) for time t, = nAt is given by

=Ly [L3w" ], (67)
where W" is evolved according to
W' = Ly [Ly[w ] = 20" — L3 W] (68)

with initial condition w0 = Wo(x;,;), where

2
Wo(x.y) = (1 L jyz> to(x,). (69)

Similarly, the approximate solution " = u;}) produced after n iterations of the FC-AD algorithm for the Poisson Equation
(see Section 3.3 of Part I), is given by

= Ly [L3W ], (70)
where W" is evolved according to
W = <1+V—">uﬂ—y—"5§[wﬂ (71)
n-1 yn—l

with initial condition wg =0.

The operator norms || £} [P Hﬁl . |le2 lleyo0) arise from the norm (65) of the space ¢,(Dg) of func-

) and H£2

. . . . ) (Do) . 45(Dg) .

tions of a two-dimensional discrete variable. As it happens, however, these operator norms can be bounded by a maximum of
the singular values of a set of operators defined on one-dimensional meshes. Indeed, the “horizontal data lines”
{0:0; =0 for j # j,} form a complete set of invariant subspaces for the operators £} and £2, while the “vertical data lines”
{0:0; =0 for i # iy} form a complete set of invariant subspaces for the operators L; and ﬁi. Therefore, as is easily checked,
the norms of each one of the four two-dimensional operators (66) is bounded by

max {||Ly** || : k=1,2, 0 < n<max{Ny,N,}, 0 <&, & < h}, (72)
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see Eq. (63) and Remark 4.2, where || - || denotes the operator norm in the space ¢,(n). The quantity ||L|| in Eq. (72), which, as
is the case for all finite dimensional operators, equals the maximum singular value of the matrix (Ly;), can be evaluated eas-
ily using readily-available linear algebra algorithms.

It follows from the evolution Egs. (68), (70) and (71) that stability of the FC-AD algorithms for both the Heat Equation and
the Poisson Equation is ensured provided the relations

ILifl, <1 and Lz, <1 (73)

are satisfied along with the condition that y, < y,_, as prescribed in Section 3.3 of Part I; in Section 4.2, we verify that these
stability conditions do indeed hold for the recommended values of the parameters that define our algorithms.

4.2. Evaluation of the maximum singular values ||L;|| and ||L;||

As shown in the previous section (see e.g. Eq. (72) and associated narrative), the maximum singular values ||L;|| and
ILz|| determine the stability of the FC-AD algorithm for the Heat and Poisson Equations. While, unfortunately, we have
not been able to evaluate these singular values in closed form, we found it possible to obtain these quantities numerically
in an essentially comprehensive manner. Indeed, as mentioned in Remark 4.1, the linear maps L; and L, are functions of
the parameters n, h, ny, m, d/4, g, 7, & = X1 — X;, & = X, — X, and o. All our applications of FC-AD solver use parameters
values ny, d/4, g and T as shown in the caption of Table 2 (which coincide with the values generically recommended in
Part I); based on a range of numerical tests we performed we believe these parameter choices to be essentially optimal for
the types of problems we have thus far considered. Therefore we take these parameter values as fixed, and we evaluate
the singular values of the operators L; and L, for adequate ranges of values of the parameters n, o, m, & and ¢&,. Using
adequately refined discretizations for the parameters o, ¢, and &,, we have verified that the stability conditions (73) hold
for all values of these parameters, for all n < 200 and a sampling of a wide range of larger values of n, for all m < 4 for the
operators L; and L,, and for m < 5 for the operator L; (the operator L, does not enter in the Wave Equation FC-AD formu-
lation described in Section 5, for which the value m = 5 leads to stable solutions in the context of the parameter prescrip-
tions we use otherwise). In what follows we describe some of the numerical experiments that we performed to effect this
verification; see also [32].

Fig. 6 displays, as functions of o and for several values of n, numerical approximations of the quantities
1 —max,,||L|| and 1 —max,,,|L:|, where the maxima are taken for all admissible values of ¢ and ¢,. This figure
was produced by obtaining numerically, for each value on a fine a¢-mesh, the maxima, over all admissible values of
& and g, of each of the singular values |L;|| and ||L;|. The maximum singular values that coincide with the operator
norms ||L;|| and ||L,|| were calculated using Singular Value Decompositions (SVD) [33], and the maxima over ¢, and &,
were estimated as maxima over all 121 possible combinations of 11 values for ¢ and 11 values for ¢.—which in view of
our experiments were deemed sufficient to produce accurately the maxima of the singular values over all admissible
values of ¢ and ¢.. Results shown on the left portion of Fig. 6 correspond to m =5 (sixth-order accuracy); in fact, just
like the few m =5 curves shown in this figure, the m =5 curves essentially coincide for all values of n. Thus, these
numerical calculations provide strong evidence that the stability relation ||L,|| <1 is satisfied for all possible values
of the parameters n, ¢ and ¢ and o for m < 5. Similarly, the results for the linear map L, suggest that the stability
condition ||L;|| < 1 is satisfied for m < 4 (up to fifth-order accuracy) for all admissible parameter values. As mentioned

10 ‘ ‘ ‘
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Fig. 6. Left: 1 — max,, , ||L, || for m = 5 (sixth-order accuracy), as a function of « for four values of n. Right: 1 — max,, ., ||L,|| for m = 4 (fifth-order accuracy),
as a function of o for four values of n. Maxima with respect to ¢, and & were obtained by maximization over a discrete sampling of ¢ = (x; — x,) and
& = (X — Xy), as indicated in the text, for each fixed value of o.
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above, for example, we have performed these calculations for all values n < 200 and many other values larger than
200; the results of some of these calculations are shown on the right portion of Fig. 6. We have never encountered
values of the parameters under consideration for which the stability conditions ||L;|| <1 and ||L;|| <1 (for m <5 and
m < 4, respectively) are not satisfied.

In contrast, our calculations show that, for m > 6, the stability conditions (73) are violated for some values of a—at
least under our present selection n, = 10 of the sampling parameter—and, thus, for this value of n,, the choice m > 6
leads to conditional stability only. Conceivably other choices of the sampling parameter n, might restore stability for
polynomial degrees m > 6. A study of the dependence of the stability domain on the ratio n,/m is left for future
work.

5. FC-AD algorithm for the Wave Equation

We now consider an extension of the FC-AD methodology to the Wave Equation in two- and three-dimensional spatial
domains, and we present a variety of numerical results obtained from this algorithm—demonstrating high-order accuracy
and unconditional stability. We consider at first the two-dimensional Wave Equation with Dirichlet boundary data

Up = K (U + Uyy) + Q(x,y,1), in Q% (0,T],
u(x,y,t) =Gx,y,t), (x,y)e€oQ, te(0,T],
ux,y.0) =Wix,y), (xy)e€Q,
u(x,y,0)=V(xy), ((xy) e,

(74)

where Q c R? is a smoothly bounded domain, and where Q, G, W and V are given smooth functions defined either in @, in
Q% (0,T] or in 9Q x (0,T], as appropriate. Our experiments indicate that use of a centered second-order accurate time
discretization

untl —oyn + yn-1 62 82 1 + yn-1
A =K (axz " 8y2> 7 ¢ 7
similar to that used for the Heat Equation in Part I, leads to long time instability due to the occurrence of eigenvalues with
small imaginary components in the resulting fully-discrete scheme. To avoid this difficulty we use, instead, the first order
scheme (76) below, whose first order truncation error gives rise to stability. It is easy to recover the accuracy that is lost
as a result of the additional diffusion, however: as shown in Section 6, use of Richardson extrapolation can be made to regain
second-order accuracy and, in fact, to obtain even higher orders of temporal accuracy (compare [34]).
Thus, to derive our FC-AD splitting for the Wave Equation we first consider the time discretization

umtt — ZAI;Z +un! _R (88; §2> u QN 4 (Z,té/, t)7 (76)
where

Ei(x,y,t) < szfB”utXXHL”‘(Qx(t"_t”*l)) + szt3HufyyHL"(Qx(t".t”“)) +A7t4 et l| = (@ e g1+ - (77)

’ 12

Eq. (76) can be re—expressed in the form

( N o KAt ;y ) U™t = 20" —u" + APQ" + Er(x, Y, ). (78)
The operator on the left hand side of Eq. (78) may be split creating an additional error

(1 —IPAP 82) (1 —K*AR 82> U™ = 20" — U™ 4+ APQ" + Ey(x,y, ) + Ex (X, . 1), (79)

Ox2 ay>?
where
4
Ex(x,y,t) = K jt‘t 007(22 887)122 LSRN w“ xxyyHL* (Qx(tm 1)) - (80)

Then by inverting the operators on the left hand side and discarding the error terms we obtain

1 -1
sndl 2 v 12 A2 Y n_ ,n-1 2nn
umt! = <1 k- At 8y2) (1 k”At 8x2> (2u" —u"" + A"Q") (81)
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corresponding to the discrete alternating direction algorithm
U = L)L 2u" —ut + APQY), (82)

where the operators £; and £! are those introduced in Definition 4.2. The boundary conditions for each inverse operation are
given by G(x,y,t"1); all together, the application of each one of these inverse operators, including their corresponding
boundary conditions, amounts to the solution of an uncoupled set of ODEs of the form (42). As in the Heat Equation algo-
rithm presented in Part I, this choice of boundary data yields additional truncation error, E3, which is bounded by

I At?

Es(x,y,t) < 3 Nty [l @ en 1)y - )

The overall error that arises as the discrete algorithm (82) is used to evolve a numerical solution up to a certain time T
results, naturally, as a composite of occurrences and propagation of truncation errors (77), (80) and (83) at various time-
steps. Unfortunately, if it was established that the algorithm under consideration amplifies single time-step errors by a factor
that grows linearly with time, as is typically done in the analysis of finite-difference methods (see e.g. Eq. (8.2.1) in [35, p.
193]) then the convergence of the algorithm could not be established. Indeed, under such linear-growth condition, if an error
Eis introduced in a given step of the algorithm, the error after - additional steps may be amplified by a factor of the order of
T Assuming an error of |E;| + |E;| + |Es| error is introduced at each of the [ steps of the algorithm, the ultimate error at time T
would be estimated to not exceed a constant times w. Owing to the E; error term, and in contrast with the behavior
observed in practice, such an approach would not establish the convergence of the algorithm: the error bound thus obtained
does not tend to zero as At — 0.

In practice it is observed that, for the basic algorithm, without use of Richardson extrapolation, the overall error at a fixed
time T is a quantity of order O(At) in spite of the presence of the O(At)? error Es. Without embarking in a full theoretical
study of the properties of the algorithm (82), we suggest the observed convergence should relate to the fact that, as is estab-
lished by energy bounds such as [36, p. 381] for the continuous Wave Equation, the overall error resulting from evolution up
to a fixed time T of boundary errors originating at a single time-step should be bounded by an adequate norm of the bound-
ary error itself—and, thus, the overall error arising from all of the needed L time-steps should be of the order of O(At), as
observed in our numerical experiments.

The FC-AD algorithm for three-dimensional problems takes a similar form

i = clelel ut — ut! + A2QY). (84)

z~y "~
The solutions of Egs. (82) and (84) are obtained by solving ODEs of the form (42), with
o = kA, (85)

by means of the FC-ODE algorithm. In this paper we use m = 5 for all cases concerning wave equations; see Section 4.2 for a
discussion concerning stability for various PDEs and various values of m.

We have demonstrated numerically the unconditional stability of the FC-AD Wave Equation algorithm for a variety of
geometries by both, explicit calculation of eigenvalues of the full D-dimensional time-stepping operators, and through a
wide range of long-time runs; a sampling of such results are presented in Section 6. While not reducing the Wave Equation
stability analysis to properties of one-dimensional geometry-independent operators (which was indeed accomplished for
the Heat- and Poisson-Equation algorithms, see Section 4) the results of these tests are significant: after very many compu-
tational runs for a variety of geometries, we have never observed an instability—for any time-step/spatial-mesh-size
whatsoever.

6. Numerical results for the Wave Equation

In what follows we demonstrate the convergence and unconditional-stability properties of the Wave Equation FC-AD
algorithms of sixth-order spatial accuracy (m = 5) and various orders of temporal accuracy—the latter of which are obtained
by means of Richardson extrapolation, see e.g. [34]. (The Richardson extrapolation technique combines a number N of first
order solutions for various time-steps, At = Aty, At,, ..., Aty to produce a solution with error of the order of O(AtV).)

Remark 6.1. Our numerical experiments indicate that, in order to obtain full N-order convergence from the Richardson
extrapolation algorithm, it must be ensured that the parameter y (49) is either taken to equal one for all of the time-steps At
used, or taken to be less than one for all of the time-steps At used. In practice this does not amount to a significant restriction.

In our first example we consider the Wave Equation with k = 1 on a complex two-dimensional domain contained within a
circle of radius 0.5 centered at x = 0.5 and y = 0.5 and outside the curve defined parametrically by

X(0) = 1+ cos(é@)) cos(0) %7 (0) = (1+ cos(é@)) sin(0) _% (86)

for 0 € [0,2m]; see Fig. 7. We assumed Gaussian initial data of the form
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Fig. 9. Solution u of a PDE problem used in convergence studies of the FC-AD Wave Equation algorithm.
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Fig. 10. Maximum errors resulting from applications of the FC-AD Wave Equation algorithm to a problem with solution given by Eq. (88). Left: Errors with
h = 0.01667 fixed, as a function of At. Right: Errors resulting from use of the FC-AD algorithm in conjunction with fourth-order Richardson extrapolation in
time.

The function u(x,y, t) at the final time T = 1 is depicted in Fig. 9. For a fixed mesh with h = 0.01667, various time-steps were
chosen ranging from 0.2 to 3.33 x 1077; the maximum error at any time-step during the calculation is shown on the left of
Fig. 10. Clearly, stability occurs for a very wide range CFL numbers—certainly, owing to the smallness of the boundary mesh-
segments, much larger, in fact, than the nominal CFL ratio implicit in the largest At/h quotient, namely,
At/h =0.2/0.01667 = 12 >»> 1—giving yet another indication of unconditional stability.

The solution of this problem was subsequently obtained using Richardson extrapolation: in Fig. 11 we show the errors
resulting from calculations using fourth-order Richardson extrapolation in conjunction with our FC-AD scheme, in which
both the time-step and the spatial mesh-size are refined simultaneously. The error is primarily dependent on the time-step
and therefore the fourth-order Richardson-extrapolation convergence is observed. Additional improvements should result
from use of a restarted version [34] of the Richardson extrapolation methodology.

The full sixth-order spatial convergence can, of course, be observed in this example provided sufficiently small time-steps
are used. To demonstrate this, for each element in a representative set of h values in the range 0.001 < h < 0.01667, we used
first order solutions obtained for At =5 x 107, 2.5 x 107, 1.667 x 10~ and 1.25 x 10~ to produce fourth-order Richard-
son solutions with sufficiently small temporal errors so that the six-order spatial convergence is realized. The errors thus
obtained are displayed on the right portion of Fig. 10.

To conclude this section we demonstrate the FC-AD techniques for linear hyperbolic equations in complex three-
dimensional domains. We thus present results for a three-dimensional Wave Equation, with k = 1, in the domain given by
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Fig. 11. Numerical errors arising in the solution of a Wave Equation, with exact solution given in Eq. (88), as a function of At = h. Fourth-order Richardson

extrapolation was used. The coarsest time-step of the extrapolation was taken to equal h; the other time-steps used were At = h/2, h/3 and h/4. Fourth-
order convergence is observed as h and therefore At are refined.

Fig. 12. Solution to the Wave Equation with Gaussian initial data in a domain consisting of the complement of a sphere within a cube. The gray-scale on the
three planar sections x = 0.5025, y = 0.5025 and z = 0.5025 display the planer values of the solution.

the complement of the sphere of radius 1/4 centered at (1/2,1/2,1/2) in the unit cube (0,1)*. The solution is defined by initial
data given by the Gaussian function

u(x,y,z,0) = e—2000{(x—0.5)2+(y—0.75)2+(z—075)2}
) 15 b

a vanishing initial time derivative, and zero boundary conditions on both the surface of the sphere and the surrounding
cube. A spatial step h = 1/199 was used giving rise to approximately 7.3 million unknowns. Each time-step required less
than ten seconds of computing time on a single core of a 2.33 GHz processor. Fig. 12 displays the values of the solution
on the three planes x = 0.5025, y = 0.5025 and z = 0.5025 for a selected point in time. Without Richardson Extrapola-
tion, the three-dimensional algorithm is first-order accurate in time with sixth-order spatial accuracy. Our experiments
indicate that the present three-dimensional FC-AD Wave Equation solver is unconditionally stable and, like its two-
dimensional counterpart, is fast (it runs in times that grow only linearly with the size of the discretization, at approx-
imately one second per time-step per million unknowns in a single-processor of present day PC) as well as highly
accurate.
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Fig. 13. Maximum errors arising from applications of FC-AD and finite-difference algorithms for increasing number of wavelengths and various fixed
numbers of PPW. Second-order finite differences on the left and fourth-order finite differences on the right.
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Fig. 14. FC(Gram) continuation of the otherwise periodic function sin(107x).

7. Transient and time-harmonic wave propagation: pollution error

As mentioned in Section 1, classical FEM and FDM wave-propagation algorithms typically require very large numbers of
points-per-wavelength (PPW) in large-scale problems [18,17,16]: the errors produced in finite-difference and finite-element
representations compound over the lengths of PDE domains, requiring, for a given error tolerance, increasing numbers of
discretization points per wavelength as the number of wavelengths is increased. As demonstrated in this section, the FC-
AD algorithms do not suffer from this significant drawback.

To demonstrate the advantages arising from use of FC-AD algorithms, we consider a simple wave-propagation problem:
the one-dimensional Wave Equation u, = u,, in the unit intervals of time and space—with initial and periodic boundary con-
ditions selected in such a way that the exact solution is given by u(x, t) = sin(2nw(x — t)). In view of the periodicity of the
solution and the regularity of the spatial grid used, the finite-difference algorithm exhibits nearly optimal performance in
this case. The FC-AD implementation, in contrast, does not benefit from periodicity as it was set to use continuation functions
such as the one displayed in Fig. 14. On the left portion of Fig. 13, we display the errors arising for this problem from both, a
spatially second-order explicit finite-difference scheme and our FC-AD algorithm. The time-step used for both algorithms
was taken to be small enough so as to have no significant effect on the numerical error for any of the wavelengths consid-
ered. The maximum error for all time-steps at all discretization points is reported in the figure for 15 and 20 PPW for the FC-
AD method, and for 25 and 400 PPW for the second-order finite-difference method. We note that, unlike the FDM, the FC-AD
algorithm yields similar performance for an arbitrarily shaped domain in two- and three-dimensional space. In any case,
Fig. 13 demonstrates the significant performance advantages that arise from use of the FC-AD algorithm for wave propaga-
tion problems, even for the present, extremely simple (and highly advantageous for FDM) one-dimensional configuration. A
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similar graph, presented on the right portion of Fig. 13, compares the FC-AD method with results obtained by means of a
fourth-order finite-difference method.

Clearly, lower-order methods are exceedingly costly for problems whose spatial dimensions span many wavelengths. The
improvement in the performance from second- to fourth-order finite-difference methods is remarkable, but even with
fourth-order finite-difference methods the growth in the required number of points per wavelength makes 3D calculations
prohibitive. As mentioned in Section 1, current research on finite-difference methods on complex domains without use of
domain mappings (including the SAT and Embedded Boundary methods) still focuses on development of second- and
fourth-order accurate formulations (typical EB formulations of higher order of accuracy on non-rectangular domains have
not proven reliably stable thus far), for which the dispersion/pollution error presents a significant challenge. In contrast,
the number of points per wavelength required by the FC-AD methodology for a given accuracy remains essentially constant
as the sizes of the problems are increased—and therefore, the FC-AD approach offers as significant a capability for solution of
wave propagation and scattering problems, as it does for the parabolic and elliptic problems discussed in Part I.

8. Conclusions

In this contribution we studied the properties of the previously-introduced FC-AD algorithm for the Heat and Poisson
Equations, and we extended the FC-AD method to hyperbolic PDEs through applications to the Wave Equation in one,
two and three spatial dimensions. In particular, an analysis of the spatial accuracy of the FC(Gram) approximation (a central
component to the FC-AD) was presented, along with a corresponding study of the accuracy of the FC-ODE solvers for the
types of ODEs that result from the alternating direction splitting of the Heat, Poisson and Wave Equations. A key contribution
in this paper is a stability criterion for the parabolic and elliptic algorithms that was used to establish unconditional stability
of these solvers for general domains on the basis of numerical evaluation of singular values of certain one-dimensional
(geometry independent) operators. The unconditionally stability and high-order spatial and temporal accuracy for the Wave
Equation FC-AD solver (with high-order temporal accuracy achieved by means of Richardson extrapolation) were demon-
strated through a variety of numerical examples. It was also demonstrated that the FC-AD methodology does not suffer from
the debilitating dispersion/pollution effect that underlies finite-difference and finite-element formulations.
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